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The hypervirial theorem is introduced in the second quantized expanded form, and utilized for reviewing

the Hartree-Fock and electron-hole potential methods.

within the scope of handy methods.
ed in the hypervirial theorem.

The hypervirial theorem (HVT)V is nothing other
than the statement that the expectation value of any
physically nonpathological operator does not depend
on time in stationary states, and has vast range
of application because of its great fundamentality.
Essential explorations of the theorem in molecular
quantum mechanics have been made already in 1960’s
from both variation-? and perturbation-theoretical®
points of view, where the form of operators is either
nonspecified or given as a function of coordinates
and momenta. In this paper the HVT is introduced
in the second quantized form, expanded under the
exponential prescription,® and utilized for reviewing
the Hartree-Fock (HF)®» and electron-hole potential
(EHP)%" methods. We can immediately arrive at
the HF method in the first order one-particle HVT
for the ground state; that for the excited state leads
us to the EHP method and further gives a possibility
of a handy modification beyond the method.
Brillouin’s®) and the extended Brillouin’s®) theorems
are shown to be contained in the HVT. Supple-
mentary remarks are added on what is implied in
the first order two-particle HVT for the ground state
and in connection with the perturbation-theoretical
approach.

The Hypervirial Theorem

Let |¢)> be an eigenstate of a Hamiltonian H
and W be an arbitrary operator, the restriction on
W being only that W|¢) should not jump outside
the space considered. The HVT is simply written
as

PIH,W]l¢> =0. M
Take a system of identical particles and denote the
creation and annihilation operators for the one-particle
quantum state j by a} and a, respectively. Then,
any one-particle operator of the system is of the fol-
lowing form.
W = P wﬂ,ajak.
ik
The strong requirement that Eq. 1 must hold for
any W leads to the one-particle HVT:
($I[H,ala]|¢y =0  (any p,9). @)
Likewise we have the two-particle HVT,
GIH, alalo]|¢) =0  (any pg,1,5), (3
and so on. For arbitrary products of the creation
and/or annihilation operators we have

(Y|1H, I}all}aq] |gy =0. 4

A possibility of going beyond the latter is suggested
Brillouin’s and the extended Brillouin’s theorems are shown to be contain-

However, unless the numbers of creation and an-
nihilation operators are equal, the relation is trivial
for the particle-conservative system.

Separating a Hamiltonian into the unperturbed
Hamiltonian K and the perturbation AV with a real
parameter A,

H=K+ v, )
we can obtain a perturbation expansion of Eq. 1
on the assumption that an eigenstate [¢)> of H is
attainable from the corresponding eigenstate |¢) of
K through a unitary transformation:

[¢> = exp (S)| 9, (6)
where § is an antihermitian operator independent
of the energy level index.3% Noting that § has no
zeroth order term, we put it in the power series of
A as

S =4S, + 328, -+ )
with antihermitian operators {S;}. Substitution of Eq.
6 into Eq. 1 rewrites the HVT as a form of the unper-
turbed state expectation value:

{p|exp (—=S)[H, W] exp (S)|¢) = O,
which is expanded by means of Egs. 5 and 7;
Ko |([v, W] + [IK, W], 81>

1
+ [V, W], 811 + 5 [[K, W], 81, 81]

+ [[K, W], S.1)|¢) +--=0. (8)
Thus we have the first order HVT,

or, using the Jacobi-Lie identity,
KpIV+IK, 8,1, W]|¢) = 0. (10)
To decompose S; into the one-particle part S;(),
the two-particle one §;®, and so on,
S; = 8P 4 §P 4-or, (11)
enables us to proceed a little further. Assuming that
K is one-particle and that V consists of the one- and

two-particle parts,

V=V® + 7O, (12)
we can write the first order HVT as
n§2<¢I[Y‘"’,W]I¢> =0 (13)

with
Ym = p® 4 [K,S™]. (14)

The terms of =1 and 2 in the left-hand side of Eq.
13 concern the one- and two-particle operators for
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W=ala, and two- and three-particle ones for W—
alalaa, respectively. We can make all §;™’s vanish
for n larger than 2.

The Hartree-Fock Method

The Hamiltonian of electrons in the fixed nuclear
framework is given by

vs;azﬁazvaivavm (15)

1
H= Xk, ,da —

e%- erdendys T g ewzrpv
where the second suffices, 4 and », refer to the electron
spin. It is assumed hereafter that the matrix elements,
{her}, {v}7}, and so on, are all spin-independent.
Taking a relevant hermitian one-particle operator

— T
X = 30 X¢y5 48y,
Evn

which is to be determined later, we rewrite the
Hamiltonian in the molecular orbital representation
as

1
H= E e,a,,,a,, + ?Ju% vi,,,a},a,f,,a,,.,,a,,,,
I’33

-3 x;ka;rpazp . (16)
Iy

The molecular orbital coefficients {u, ;3 and their

energies {¢,} are determined by the eigenvalue problem

diagonalizing {k,,+x,,}:

Z'I (heytxey)ugy = uegey. (17)

Now let us take the unperturbed Hamiltonian in
Eq. 16 as

K=% &,8],4, (18)

and assume that its ground state |F) have a closed-
shell form:

|Fy = afsa}, - afial,alial,10),
where 1 and | stand for the up- and down-spin

states, respectively, and |0) means the vacuum state.
Denoting a set of the occupied orbitals {1,2,--, f} by

F and that of the unoccupied by F, we define the
occupation indicator as

. 1 (jeF)
Substituting

v = -3 xlka;#akm (20)
Jkp

Ve = L 51 sltal,alan.an,, @1)
Jkimpy

SO = 3 5;4] uns, (22)

Jkp
SO = > 5 sttalalaman,, (23)

JElmpuy

and Eq. 18 into Eq. 13 through Eq. 14, we obtain
the first order one-particle HVT putting W=a},a,.,
since the present Hamiltonian includes no spin-chang-
ing term. For the ground state, putting [¢)=|F),
we see the following condition result from the theorem.

(—%gptTgp+ (6g—E5)(sgp+50p)) ({(@) —1(£)) = 0,  (24)

The HF and EHP Methods from a Hypervirial Theorem Standpoint

3313

the quantity with a tilde being defined as
e =3 (2tim— i) (m).

Although for any peF and g¢eF the same equation

is obtained as for any peF and g¢e¢F, they are not
independent of each other as far as X and V are kept
hermitian and S antihermitian. If we use no S, that

is, take an approximation that |¢)=][¢), then
Eq. 24 gives
%5 = Ujx (any jeF, keF and vice versa), (25)

which is just the HF condition. Note that x,’s for

J:keF and jkeF are, as easily seen in Eq. 24, not
conditioned here, the HF ambiguity being implied.
Setting xjkzﬁjk for all j and £, we have

= 3 (2055 —vn7)f(m), (26)

which gives the standard HF equation, substituted
into Eq. 17. For general choices of X and S Eq.
24 should be read as a mutual restriction on them.
Especially, under the HF choice of X, Eq. 25, the
restriction is reduced to
sjk + 556 =0 (any jeF, keF and vice versa). (27)
Denoting the singlet and triplet excited states of
K by
low+) = ST L,(+)al,a0,|Fy (veF,weF) (28)
”
with
Lu(£) = 0urx0,)/V' 2, (29)

where 4 and — stand for the singlet and triplet states
respectively, we have

(F|H|ow+)y = S L, (£){F|[H, al,a0,]| F), (30)

since (F|al, vanishes. Thus Brillouin’s theorem is

contained in the HVT

(F|[H, a},a,,1|Fy =0 (peF, qeF and vice versa)  (31)
or equivalently

(F|[H, a},a,,]|F) =0 (any p,q),

which characterizes the HF method.

(32)

The Electron-Hole
Potential Method

The evaluation of excitation energies by the closed-
shell HF method? is to be improved in the EHP meth-
od, as far as only one specific excitation is concerned.®)
A persuasive derivation of the EHP method consists
of constructing the new occupied and unoccupied
orbitals, respectively, from the occupied and unoc-
cupied HF orbitals through the variational procedure
for the excited state in question. Here, confining
ourselves to the single configuration excitation- case,
we view the method from a HVT standpoint, which
seems helpful in understanding a nature of the method.

The first order one-particle HVT for the singlet
and triplet excited states are obtained by putting
|¢>=|vw=+) after substitution of Egs. 18, 20, 21,
22, and 23 into Eq. 13 through Eq. 14:
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(PaptIaptI(0)gp—3(w)ep)(£(q) —£(2))

1 -
+ Tz'((.yqp +J’qp)(6qu—5qw —0pvt+0pw)

- (.y;:_ 3;})(6“,—5,.,,) (.}’pw_.ywp)((sqv u))
1
+ _2'(.3’3;(641"1 Opu) +Iu5(0g0—050)) = 0 (33)
with
Die = —%j + (6;—&x)Sj
and
J’A:m = Utm + (ej +&— _8k)sllc::.,

the quantity with a single dot being defined as
t(”‘)n = tim — the/2.

Consider the single-determinant approximation, the
case without S. Then, Eq. 33 is reduced to the condi-
tion that

—oy + By — Ujn + 055 0l =0 (jeF"), (34a)
Xt Ot 0l — 0l £ (—0ll) =0 (jeF’), (34b)
=Xy Duy + UFS — OY £ 03 =0 (JeF'), (34c)
—%p0 0 F ol —vn £ (—oin) =0 (GeF'),  (34d)
—%ji 4+ O + 0@)jx — 0(w) e =0 (jeF', keF), (34e)

and
vys ~— vy & (v55—0%%) =0, (34f)

where the primes on F and F mean the exclusion of
w and v respectively. The complex conjugate equa-
tions are omitted for brevity. If we take the canoni-
cal and virtual HF orbitals, the first and second terms
in each left-hand side of Eqs. 34a, b, ¢, d, and e cancel
out. But the rest does not vanish in general, and we
see the violation of the HVT by the standard HF
method. Here it is worth while to note . that the
orbital symmetry tends to lessen the violation.

It enables us to make Eqs. 34a and b hold that
the first order one-particle HVT for the ground: state

imposes no condition upon x,’s for jkeF and jkeF,
Eq. 25 remaining satisfied. Determine the orbitals
so as to satisfy

Xjx = 0jx — vie + obi £ oly (J kGF) (353‘)
and
Xixg = i,u: -+ ”11:: - f}.{: =+ ("”.{:) (.’) kEF)' (35b)

Then Egs. 34a and b clearly hold and the violation
occurs in the same form in Egs. 34c, d, e, and f as
the HF case. There the orbital symmetry still in-
clines to diminish the violation. If the HF orbitals
{uy;} and their energies {¢,} are already known,

we have only to work out a set of eigenvalue problems
that

> (611;8 s +2z(wt) jk) Crm = Cjm%m (Jf F) (36a)
kcF
and
( _ieF ) (36b)

2 Oseg—2(0%)1)dim = dymPm

with

z(l+),,‘ = -—v“ + vl +v—,,,
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which is equivalent to the original form of the basic
equations of the EHP method.

Noting that under Egs. 35’s the one-particle HVT
for the excited states without S holds for a restricted
region as

Cowk | [H, 4]0, ] |[uwt)=0  (p,qeF and p,qeF), (37)
we can prove that the extended Brillouin’s theorem
in the EHP method,

{ow+ |H|vwt) =0 (v#0") (38a)
and
(owx |Hlow'+)> =0
is contained in the HVT as follows.
left-hand side of Eq. 38a as
(owx |H|vw)

= 3 L,(+){owk | Hal 6,,a,,| F)
av

(ww), (38b)
Arrange the

= 3 L,(+){vw= | Hal,,(a,,al, +a},a,,)a0, | F)
ny

= 3 {ow= |Hal, ,a,,|ow=)
»”

= 3 (ow=x |[H, al,a,,]|vw), (39)

where the terms under the summation of the last
line are independent of x. Hence the condition
(x| [H, al,a,,]|owx) =0, (40)

which is assured by Eq. 37, is equivalent to Eq. 38a.
We have similar argument for Eq. 38b.

The EHP method is characterized by the HVT
Eq. 37 besides Eq. 32, so it can be said that the EHP
method satisfies the HVT better than the standard
HF method. The hole potential method1® may look
characterized by the HVT defined in a smaller region
of p and ¢ than Eq. 37,

{ow | [H, ap-aw]lvwi> =0 (o, qu)’ (41)
besides Eq. 32. However, Eq. 41 is actually inde-
pendent of v, and we have Eq. 41 for all of veF. Thus
it is not necessarily appropriate to regard the hole
potential method as an intermediate between the stand-
ard HF and EHP methods;® of course, when we
confine ourselves to one specific excitation, it is correct
that the EHP method satisfies the HVT better than
the hole potential method.

Beyond the Electron-Hole
Potential Method

Let us give a perturbation expansion to the excita-
tion energy as preliminaries. Define the excitation
energy AE(I—>J) from the state [¢,> to [¢,;> as

AE(I=]) = ($s|H|Ds) — {$1|H|P1), (42)

which is converted with Egs. 5, 6, and 7 into
AE(I-»]) = K; — K;
+ AP Vb —<2:| V1))

+ BTV, 81 + 1K, S, D165
~ G118 + LK, 51, SD16:5) ++-,

(43)
where [¢,> and [$,> are, respectively, the eigen-
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states with the eigenvalues K, and K, of K. To first
order the excitation energy is independent of S. Both
the HF and EHP methods calculate Eq. 43 to first
order with [¢,)=|F) and [¢,>=]|vw=*).

Now consider to satisfy the first order one-particle
HVT for the excited state as well as the ground by
including S as simple as possible. Under the EHP
choice of X, Eqs. 35’s together with Eq. 25, the fol-
lowing condition results from Eq. 33.

(80 —85)(S0s + 5oy —STu+su3Esus) = 0 (JeF"), (44a)
(65— 84)(Ssu+ 5w +sts—siot(—sl)) =0 (jeF’), (44b)
Yiv— 0% £ 98 4 (eu—e)(sust50y) = 0 (JeF'), (44c)

D — e £ (=) + (85—€,)(S50+55.) =0
(jeF’), (44d)

@) — I W) + (e5—ex) (s +5) = 0
(jeF' keF’), (44e)
and

Yoo — e £ (On—ow) =0. (44f)

Here note that any term concerning V() has one of
the following forms: i, i, yiu, and it (yeF,

keF). This shows a way to attain the present pur-
Set the matrix elements of § as

pose.
st = s = —ofl/(e;—ex) jeF, keF (45a)
stk = s = —ofi/(e;—€x) and vice versa; (45b)
s = (20]8—0i3)/(e;—&s) l=w,v (45c¢)
and
sih=1s5,=0 (otherwise), (45d)

where the one-particle terms are prepared for the
condition given by Eq. 27. Clearly this choice of
S suffices for the satisfaction of Eq. 33 as well as Eq.
24, and gives the second order term in Eq. 43 for
¢ >=IF) and |¢,>=|vw=x) as

P 24(vw=) 1 L B(vw); 5 C(vwi)j>
jeF Ex—&y jeF Ey—E&; i F Ej—E&yw
kEF
(46)
with
A(vwi—),,, = D(v),,(v;z—D(U)u) + D(w)jk(U;Z—D(w)k!)
— vl — viehy + (1E 1oy, (47)
Blow=), = [o50|? + |ob3]% — 2(1=1)0l505%, (48)
and
Clow=), = |0%2|2 + |023]2 — 2(11)0""012, (49)

where
D(l);: = vt — vii.

In the first, second, and third summations in the
above correction term 46, only j and £ of the same
symmetry, j of the same symmetry as v, and j of the
same symmetry as w have only to be taken into ac-
count respectively.

In the EHP method the orbitals are determined
under the influence of the scatterings of electrons

inside F and F by the potentials due to the electron
in v and the hole in w respectively. Roughly speaking,
the adoption of the § of Eq. 45’s means to take it into

account the scatterings of electrons from F to F and
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from F to F by the electron and hole potentials. The
first order correction to the excited state has one elec-

tron in I and one hole in F besides » and w in con-
sequence:

(SP+8P) |owx) = 33 3 G(ow=x)4 24l 00,0l 0., F) (50)

5
with
Glowx)4s= L, () (ls—ols—0,, (0% —viD)) (e, —&x) - 51)

The ground state is not affected, because it involves
neither electron in » nor hole in w. As easily seen,
we have

(SO +8®)|FY = 0. (52)
Before we discuss the effect of the correction 46, a
considerable amount of examinational numerical cal-

culation is to be performed, and we would like to
regard the recipe as a possibility at present.

Supplementary Remarks

The First Order Two-Particle HV'T. To put W==
al.al.a,.a,, in Eq. 13 gives the first order two-par-
ticle HVT, which has the following expression for
the ground state after substitution of Egs. 18, 20,
21, 22, and 23 through Eq. 14.

(6411'.3’81"*'6srjqp“60r(6qrjsp+6spj’q'r))(f(Q)f(5)_f(f)f(p))

— (052 —0,.0%5)(g(gs:rp) —g(prisg)) =0 (33)
with
g(prisq) = f(p)f(r)((s) +1(g)—1), (54)
and
Jike = Dix + Jix-
Provided that the first order one-particle HVT for
the ground state is satisfied, that is,
Jik=10
Eq. 53 results in
vg:‘ - 60103; + (811 +£‘—87—8P)(‘f;:_6ﬂ155;) =0

(g, seF; p, reF and vice versa),

(jeF, keF and vice versa),

(35)

which leads us to

This shows that the electron correlation in the ground
state can be taken into account first by including
the contribution from the double excitation configura-
tions for any choice of orbitals satisfying Eq. 24. In
using the EHP orbitals, therefore, the first aid for
the ground state |F) is to use the S in the form of
Eq. 56 likewise in using the HF orbitals. Further
adopting Eq. 56 together with Eqs. 45’s, we can im-
prove the ground state, the first order one-particle
HVT for the excited state remaining alive, since sin’s

for j,leF, k,meF and vice versa do not concern 5,:’s.

The Perturbation- Theoretical Choice. It is never
futile to add some remarks in connection with the
perturbation-theoretical approach. Under the expo-
nential prescription, Eq. 6, perturbation equations in
the operator form are derived from34)
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[exp (—S)H exp (§), K] = 0. (57)
Making use of Egs. 5 and 7, we obtain the first order
perturbation equation as

[V+IK, 81, K] =0, (58)
which becomes the two separated equations cor-

responding to the one- and two-particle parts after
calculation with Egs. 18, 20, 21, 22, and 23:

> (e —e1)al,ae, = 0 (59a)
Jkp
and
3 et e —ta—t)al,alan,a, =0, (59b)
Jkilmpy
which lead us to
Sik = %ju/(€5—€k) (J, & such that &;7¢;) (60a)
and
U it . 'j, k, I, m such that
sie = —olh/(e; e —Em—es) (8,-}—6,—8,,.—8,,9&0 . (60b)

The matrix elements of § other than these can be
set to vanish by imposing such auxiliary restriction
upon S as that § should be completely off-diagonal
in the representation {|¢>}.9 Clearly Egs. 60’s sat-
isfy the first order one-particle HVT. This pertur-
bation-theoretical choice requires nothing of orbitals
but sufficient inclusion of configurations. Hence, un-
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less we know the well-behaved orbitals suitable for
purpose beforehand, the choice is not necessarily prac-
tical.
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